88                                       LECTURE XI.
papers contain an application of Lie's theory of coi groups to the problem formulated by Helmholtz. I 1 more pleasure in placing before you the results of Lie's gations as they are not taken into due account in n on the foundations of projective geometry in Vol. 3; Math. Annalen (1890),* nor in my (lithographed) lee non-Euclidean geometry delivered at Gottingen in 1889 last two papers of Lie appeared too late to be consider the first had somehow escaped my memory.
I must begin by stating the problem of Helmholtz ii terminology.    The motions of three-dimensional spac< and form a group, say G&.    This group is known to invariant for any two points p> /', viz. the distance of these points.    But the form of this invariant (and the form of the group) in terms of the co-ordinates yv y<# yz of the points is not known a priori.    The arises whether the group of motions is fully charact these two properties so that none but the Euclideai two non-Euclidean systems of geometry are possible.
For illustration Helmholtz made use of the analo in two dimensions.    Here we  have a group of oo3 the distance is again an invariant ; and yet it is p construct  a  group  not  belonging  to  any  one  of systems, as follows.
Let # be a complex variable ; the substitution chai the group of Euclidean geometry can be written in known form
z' = e^z + m + in— (cos <£ + * sin (f>)z -\-m-\- in.
Now  modifying   this   expression   by   introducing  ; number in the exponent,
m-\-in~ e"$ (cos <jf> -f- i sin <f>)z -f m -f
* Zur Nicht-Euklidischen Geometric, pp. 544-572.erichte of the Saxon Academy (1886), and a more extensive exposition of his views in the same Berichte for 1890 and  1891.    These
